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Bending of Sandwich Beams with Transversely Flexible Core

Y. Frostig* and M. Barucht
Technion—Israel Institute of Technology, Haifa, Israel

The bending behavior of a sandwich beam with a foam core is analytically investigated. The beam consists of
upper and lower skins, metallic or composite laminated, and a soft core. The loading pattern consists of
concentrated as well as distributed loads exerted at the upper or the lower skin or a combination of the two. The
analysis includes the effects of the flexibility of the core in the vertical direction on the overall bending behavior.
The main parameters affecting the overall behavior and particularly the peeling and the shear stresses between
the skins and the core are studied.

Introduction

SANDWICH beams have been used in various industries
for many years. A typical beam consists of two skins made

of metal or laminated composite and a core. The core is
usually made of honeycomb, metallic or nonmetallic, which is
stiff in the vertical direction and flexible in the horizontal one.
In recent years, plastic foams are used for cores in sandwich
structures. In this case, the effect of the transverse flexibility
of the core on the mechanical behavior of the beam should be
taken into account. This flexibility affects the transverse bend-
ing behavior of the beam and leads to unequal deflections of
the upper and lower symmetrical skins (see Fig. 1).

Sandwich beams with honeycomb cores were considered by
many researchers. Reissner1'2 included the shear strain effect
on the bending, but only the average bending behavior of the
composite beam is considered. Many researchers3'5 dealt with
the analysis of beams with an antiplane core, i.e., a core with
shear rigidity only. The Hexcel designer manual6 outlines the
design procedures for beams with honeycomb cores only.
An antiplane-core approach with anisotropic and composite
skin appears in Refs. 7-9. Ojalvo10 assumed different deflec-
tions to the two skins, but neglected the peeling stresses.
Ogorkiewicz and Sayigh11 dealt with a foam core by replacing
it with an ordinary beam with equivalent properties.

In this paper, the proposed analysis includes the effects of
the transverse flexibility of the core and the peeling stresses
between the skin face and the core on the overall bending
behavior.

The analysis is general and applicable to metallic or com-
posite laminated identical skins. The behavior is described in
terms of the deflections, the peeling, and the shear stresses in
the adhesive layers. The effect of the variables that govern the
behavior is incorporated through a parametric study.

The mathematical formulation and the boundary conditions
are discussed. The analytical solution for the various types of
loading with different boundary conditions is presented.

Mathematical Formulation
The analysis is carried out by superposition of two types of

beam behavior (see Fig. 2). The first one, substructure I, with
an antiplane core (see Ref. 5) is loaded by two equal forces in
the same direction, q] = q\ = (qt + <fr,)/2. The second one,
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substructure II, in which the core height can be changed, is
loaded by two equal forces q}1 = qll = (qt — ̂ )/2, which are
self-equilibrated.

The assumptions used in deriving the governing equations
include 1) skin deformation following classical beam the-
ory—plane section remains plane and cross section deform
normally to their individual middle surfaces; 2) the core has
negligible normal stress rigidity in the horizontal directions,
but can resist shear stresses and transverse normal stresses;
3) the adhesive layer between the skins and the core carries
shear and transverse normal stresses; 4) elastic behavior; 5) the
elastic shear strain in the skins is negligible; 6) deflections and
rotations are small; and 7) load is applied at the skins only and
the distance between the centroids of the skins is constant.

The governing equations are presented, their solutions are
discussed, and the appropriate boundary conditions are given
later.

Substructure I
The substructure consists of two identical skins and a core

capable of resisting shear and transverse normal stresses. The
upper and the lower skins are loaded by two equal loads acting
in the same direction. Since the skins are subjected to the same
loadings, the shear and the transverse normal stresses at the
interfaces of the two skins and the core are identical.

The equilibrium equations derived by inspection of a differ-
ential segment are (see Fig. 4)

Upper skin (plate 1):

FI,X= -rb

Qi,x = -ql+Pl/2b

MltX = Q{- rbd/2

Lower skin (plate 2):

F2tX=-rb

(la)

Core:

M2,x = 62 - rbd/2

Qc,x = -plb

(Ic)

(2a)

(2b)

(2c)

(3)

where b is the width of the beam; Q/, F/, Mf (i = 1,2) are the
shear, axial forces, and bending moments, respectively, for
the upper and the lower skins; and p1 and T the transverse
normal stresses and shear stresses, respectively.
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Fig. 1 Deflections and geometry of a typical sandwich beam with
and without vertical flexibility.

where vl is the vertical deflection of the skin and the core, d
the thickness of skin, and y\ and y2 are the vertical coordi-
nates, measured from the center of gravity of the upper and
lower skins, respectively. The shear strain is constant through-
out the depth of the core and is equal to

7 = T/GC

Substitution of Eq. (6) into Eqs. (5) yields

d) * -2

(6)

(7a)

(7b)

Sub Structure I Sub Structure II

Fig. 2 Decomposition of a sandwich beam with soft core to two
substructures.
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Fig. 3 Geometry, loads and internal resultants, and deformations of
a differential segment (substructure I).

The shear stresses are uniform throughout the depth of the
core since the normal stresses in the horizontal direction are
negligible, thus,

= -p1 (4)

The deflection pattern is shown in Fig. 3d. Since the core
height does not change during loading, the vertical displace-
ments of the upper skin v\, the lower skin t>2, and the core vc
are identical. The core contribution to the deformation pat-
tern is due to its shear resistance only and is expressed by the
shear angle 7. The kinematic relations between the horizontal
displacement at the two skins and the vertical displacement
and the shear strain are

+ y)c/2 + d/2v}x -

T)c/2 + d/2v}x -y2v}x

(5a)

(5b)

By using the small-deflection theory assumptions and an
equivalent modulus of elasticity for the skins, the internal
forces take the form:

T}XC ( c + d )

J7 J7r2 — — r\

(EA )s = Esbd, (EI)S = Esbd3/l2 (8)

where (EA )s and (EI)S are the axial and the flexural rigidities
of the skins, respectively; F/ and M/ (/ = 1,2) are the axial
forces and the bending moments acting on each of the skins,
respectively; and Es is the equivalent modulus of elasticity of
the skins.

The beam internal forces (Fig. 3a) are

QT = Qi + 62 + rcb

= M{+M2 + F2(c + d)

(9a)

(9b)

Substitution of Eq. (8) into Eqs. (9), and after some mathe-
matical operations, yields

MT>XX = -2(EI)sv]xxxx + br,x(c +d)= -fa,1 + ql
b) (lOa)

F2,x = (EA)s[riXXc/2Gc - (c + d)v^/2] = r& (lOb)

After some algebraic manipulation, Eqs. (10) are replaced by

..i _ * Ql

(EI)S

8r = Q

where

(c + d)b 2b

(Ha)

(lib)

(12)2(EI)S ' ~ (c + d)Gc' M ~ (c + rf)(&4)s

The solution reads

t;1 = Q + C2A: + C3x2 + C^3 + C5e5X + C6e ~5X + ̂  (13a)

T = - 6C4//3 + (sV6) C5e^ - (53/6) C6e -« 4- TP (13b)

where s = (6 + /3/a)1/2 and i^ and rp are the particular solutions
(solutions for other distributed loads appear in Appendix B).
In the case of a uniformly distributed load, the particular
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solutions reads

Vn =
+ ft '

(14a)

Wfcn»x (14b)

The boundary conditions for a typical case at x = 0,£ (see
Fig. 4) are

vl = 0 (15a)

v^ = 0 (15b)

r]x = 0 (15c)

which are equivalent to the conditions of a null axial force,
bending moment, and vertical displacement. Other edge con-
ditions appear in Appendix A. The continuity conditions at
x - x\ are

vK-^v**) (16a)

t^~) = ̂ +) (16b)

y(c~}=y(
c
+) (I6c)

F2
(~) = F2

( + ) (16d)

M2~} = M2
 + ) (16e)

6f~} ~ Gr+) = 2PJ (16f)

where (-) and (+) refer to the sections to the left and right of
the concentrated load, respectively. The condition in Eq. (16c)
is because the deformations in the core are continuous at any
point. In case of a beam with uniform properties, Eqs. (16)
take the form:

a) Uniform properties

H —; = ul\""" >

:(-) _ ,,i( + )

(17a)

(17b)

(17c)

(17d)

(17e)

(17f)

In the case of a beam with nonuniform properties (see Fig.
4b), the continuity conditions are

v\ = v2

v\,x =

= r2/G2

(c

- T2b2(c2 + d2) = 2P\

08a)

(18b)

(18c)

(19a)

(19b)

(19c)

b) Nonuniform properties

Fig. 4 Typical sandwich beam with uniform and nonuniform prop-
erties loaded by a concentrated force.
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Fig. 5 Loads, internal forces, and deformations of a differential
segment (substructure II).

The condition in Eq. (18c) means that the shear stresses to
the left and right of the joint are unequal. Thus, in addition to
distributed transverse normal stresses, a concentrated force
exists and equals

- T2b2C2) = Pl
p (19d)

Substructure II
This substructure consists of two identical skins, a flexible

core, and loaded by two self-equilibrated loads, q}1 = ql1 =
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. The internal forces at each skin and the core are
self-equilibrated and the total shear and the bending moments
are null. The core behavior remains elastic throughout the
loading.

The equilibrium equations are derived by inspection of a
differential element (see Fig. 5), and the deformations are
symmetrical with respect to the centerline of the beam as
shown in Fig. 5c. The upper and the lower skins displacements
are the same but in opposite directions. Since core height is
changed while its plane section remains vertical during the
loading process, the shear stresses in the core as well as the
horizontal normal forces in the skins are null.

Equilibrium equations for the various parts are as follows.

For the upper skin (plate 1):

Qi,x=~qn-

A/i.» = Qi

F,=0

For the core:

Gc = o

For the lower skin (plate 2):

(20a)

(20b)

(20c)

(21)

(22a)

(22b)

(22c)

The change in the depth of the core is determined by model-
ing the core as made up of an infinite number of columns dx
wide. These columns are loaded by the normal stresses at the
interface, pu.

The core remains elastic throughout the loading sequence,
and the deformations throughout the depth are linear. The
vertical deformation equals

v"=P
nc

2EC
(23)

where c is the height of the core and Ec is the vertical modulus
of elasticity of the core. Using Eqs. (20) to (23), and M2 =
— (EI)svtXX yields

_v - q (24)

Equation (24) may be considered as that of a beam resting
on an elastic foundation,12 with a spring coefficient equal to

2Ecb (25)

Thus, substructure II is modeled as two beams (skins) resting
on an elastic foundation, which is provided by the flexibility
of the core.

The general solution of Eq. (24) takes the form:

v11 = C\ cosXx coshXjc + C2 sinXx coshXx

+ C3 cosXx sinhXjc + C4 sinX* sinhXx + vp
l (26)

where

for a uniformly distributed load. (Additional solutions for
other distributed loads appear in Appendix B.)

The deflections and the internal stresses are determined by
the solution in Eq. (26) with the appropriate boundary condi-
tions. The boundary conditions are demonstrated for the ex-
ample shown in Fig. 4 and equal to the following.

At x = 0,£:

(27a)

(27b)

At x = x\:

vLl^-> = v

and ,, _v - 2bEc

(28a)

(28b)

^ (28c)

\v]^=Pll (28d)

The solutions for other cases can be found in Ref. 12.

General Behavior
The general behavior of the sandwich beam is expressed by

the superposition of the two substructure behaviors discussed
previously. The deformations, shear forces, and bending mo-
ments in the two skins are a combination of the two substruc-
tures. The axial forces at the skins and the shear stresses at the
interface and the core are solely due to the response of the first
substructure. The transverse normal stresses at the interfaces
are affected by the behavior of the two substructures.

Numerical Analysis
A computer code based on the principles outlined in the

preceding sections was developed. The code allows any combi-
nation of loadings, boundary conditions, and any continuity
conditions, such as extensional or rotational springs. The
beam considered may be nonuniform piecewise, i.e., its ge-
ometry and mechanical properties differ from one part to
another, but remain uniform within the region. It is recom-
mended to use the conditions of symmetry wherever possible,
since the analytical solution consists of hyperbolic functions
which tend to grow very quickly as their arguments reach
values of 150 and above. The code is used for a parametric
study of some typical sandwich beams.

The main parameters considered are 1) type of load (uni-
form, concentrated); 2) properties of core (geometrical and
mechanical); 3) skin properties (thickness and modulus of
elasticity); and 4) boundary conditions.

The parametric study inlcudes two types of beams, as shown
in Figs. 6 and 10.

The first example deals with a beam simply supported at the
edges and loaded at midspan, as shown in Fig. 6a. The skins
are laminated composite with Eeff = 2742 kg/mm2 and G = 160
kg/mm2 and the foam core with £"c = 5.25 kg/mm2 and
Gc = 2.1 kg/mm2. The concentrated load is transferred to the
beam with the aid of a metal tab 20-mm wide and 60-mm long.
The effects of the load distribution under the tabs (see Fig. 7)
on the performance of the beam is investigated; see Figs. 6 and
8.

The following conclusions can be drawn from the results:
1) The flexibility of the core yields local effects in general.
2) The deflections of the loaded skin (upper) are larger than

the lower one in the vicinity of the loaded area and become
identical far from the loaded zone; see Fig. 6b.

3) The axial force distribution follows the bending-moment
diagram of a beam loaded by a concentrated load at midspan;
see Fig. 6c.

4) The shear stresses are nonuniform in the vicinity of the



MARCH 1990 SANDWICH BEAMS WITH TRANSVERSELY FLEXIBLE CORE 527

loaded area and uniform along the rest of the beam. Shear
stresses in the core at midspan are null even in the case of a
concentrated load, due to the symmetry and the continuity
requirements. The exact stress distribution in the loaded zone
depends on the loading distribution function.

5) Stresses in the adhesive layers, between the skins and the
core, in the vicinity of the loaded area appear in Fig. 8. It is
compressive in the upper interface and tensile in the lower one.
The effect of the distribution of the load is demonstrated

Es =2742 kg/mi |P=50kg A
UC iTftOKgAlWR'

' E(*S.25kg/mia2

*

...)L.... \
' ' [-20 • ' " - " ' " .

<

1*300 —— 1

0.5

19.05 '

o, L

60

19.05

0.5

through five types of load distributions with a resultant of 50
kg (see Fig. 7). The contact stress distribution under the
loaded tab depends on the flexural-rigidity ratio of the tab and
the beam underneath. In the case of a very flexible tab, the
contact stress distribution resembles that of a concentrated
load, denoted by OF, while at the other extreme, a very stiff
tab, it changes to two concentrated loads pattern, denoted by
TF; see Fig. 7. Intermediate ratios of rigidities lead to the
distributions denoted by SIN, UNIF, and CONSIN, as de-
scribed in Fig. 7. The exact contact stress distribution de-
mands a thorough analysis which is beyond the scope of this
research. The extreme normal transverse stresses occur when
the tab is very flexible (see the OF curve). Under a very stiff
tab (see TF curve), the largest value is reduced to a half of the
maximum under the flexible tab and becomes a quarter of that
value for the intermediate tab rigidities; see UNIF, SIN, and
CONSIN curves. The stresses at the lower interface are small

a)

V
a)

0.060 Y o 060
0.119

d)

Fig. 6 Three-point bending results: a) loads, geometry, and mechan-
ical properties; b) deflections; and c) axial resultants at upper and
lower skins and shear stresses at adhesive layer.
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R t /R b =,
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R t /R b >l

(CONSIN)

R t/Rb >

(TF)

b) Contact stress distributions

Fig. 7 Load configuration and contact stress distributions under the
loaded tab for various rigidity ratios (Rt = tab flexure rigidity;
Rb = beam flexure rigidity under tab).

c)

OF

SIN
UNIF
CONSIN

TF

Legend (See f ig . 7b)

Fig. 8 Internal stress distributions in the vicinity of the loaded zone
for the three-point bending beam: a) normal stresses in adhesive
layers; b) shear forces in the skins and the core; and c) bending
moments in the skins.
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compared to that of the upper one and are only significant in
the case of a stiff tab, and negligible in other cases.

6) Shear force distribution in the vicinity of the load appear
in Fig. 8b. The shear forces in the skins are significant at the
loaded zone, but become null far from the loaded area. In the
core, the forces become null at midspan due to symmetry and
continuity requirements of the deflection function. Thus, in
the vicinity of the loaded area, the shear forces are actually
transferred from the core to the skin leading to large forces in
the case of very flexible or very stiff tabs and negligible under
intermediate tab-rigidities ratio. In the case of a very flexible
tab, using the concentrated load distributions (see Fig. 7), the
shear at midspan is resisted by the skins only (see Fig. 8b),
while to the left and right of that location the skins and the
core participate in resisting the shear forces. In the other case
with the very stiff tab, using the two concentrated loads distri-
bution (see Fig. 7), the zone in between the two concentrated
loads is subjected to self-equilibrated shear forces. Here the
shear forces in the skins are counteracted by the forces in the
core, and usually reach their extreme values at the end of this
zone (see Fib. 8b). The shear forces at the lower skin are small
compared to the upper one.

7) The bending moments in the skins are a measure of the
curvatures and bending stresses induced in the two skins. The
bending moments are large in the case of a very flexible or very
stiff tab and are moderate under other tab rigidities.

8) The flexibility of the core leads to local effects, which
under some load distributions become very significant and can
even cause a sudden collapse of the structure.

The second example demonstrates the effect of a cantilever
on the overall behavior of the structure; see Fig. 9. Its effect is
local, limited to the vicinity of the support, and the behavior
in the other regions is unaffected. The deflections of the
cantilever part are nonlinear and consist of a small curvature
left of the support, as opposed to the ordinary theory of
beams, even though the cantilever is not loaded externally.

The internal forces and stresses are distributed to the left and
right of the support; see Fig. 9. The transverse tensile normal
stresses at the upper skin are shown in Fig. 9b. The shear force
distribution left of the support is self-equilibrated and the
forces in the skins are counteracted by the forces acting on the
core; see Fig. 9d. The bending moments in the skins are in
equilibrium with the small axial forces induced in the upper
and lower skins, thus leading to curvatures in the cantilever
region. The major conclusion from this example is that the
cantilever parts of a sandwich beam with transversely flexible
core are experiencing stresses in the vicinity of the support and
nonlinear deformation pattern throughout the cantilever
length.

The third example deals with a beam, loaded at two points,
75-mm apart, symmetric, and simply supported. The geome-
try and the mechanical properties appear in Fig. lOa. Results,
presented in Fig. 10, include deflections, internal shear forces,
and transverse normal stresses at the interface layers in the
vicinity of the loaded zone. The beam is loaded by two concen-
trated loads, 50 kg each at x = £/4 and 3/4f. The loads are
transferred to the beam with two tabs, 20-mm wide. The

G$=160 kg/mm 2

.'•L-2°——I '„ Ec=S.2Skg/U2 '
• , , ' - . Gc = 2.10kg/««.2

0.5

19.05

a)

i 0.779

b)

tf 48.711

^.--v 2^.355
\\\vv\

a) c)

•727S

pb.pt

b)

0.087

A
c)

•2055
6.C11

d)

Fig. 9 Results for a cantilevered three-point beam in the vicinity of
the support: a) deflections; b) normal stresses in adhesive layers; c)
bending moments at the skins; and d) shear forces at the skins and the
core.

OF

0.181 0.201 0.251

----- SIN
_._._._._ ujfjy

----- CONSIN

Legend (See f ig. 7b)
0.229

0.115 V

d)

Fig. 10 Four-point bending beam results: a) load, geometry, and
mechanical properties; b) skins deflections; c) shear forces in the skins
and the core; and d) normal stresses at upper and lower interfaces.
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loading pattern exerted on the beams follows the distributions
described in Fig. 7.

The following conclusions may be drawn from the results:
1) The overall deflection pattern of the beam is independent

of the exact contact stress distribution under the tab (concen-
trated or distributed). The differences are in the vicinity of the
loaded zone only. The deflection at midspan is the same for all
types of loading (Fig. lOb).

2) Shear forces in the core and in the upper skin appear in
Fig. lOc. Here, contrary to the case described in the first
example (see Fig. 8b), the shear forces in core, under a very
flexible tab, denoted by the OF curve, are not null. These
forces reach their maximum in case of a very flexible tab. In
all of the loading cases, the core and the skin participate in the
shear resistance and each one carries half of the magnitude of
the external load in the region left of the loaded zone. In the
region right of that zone, the shear forces in the core are
counteracted by the shear forces in the skins.

3) The normal stresses at the upper and the lower interfaces
appear in Fig. lOd. The maximum is reached when the tab is
very flexible and is reduced to about a quarter of that value in
the case of a very stiff tab.

The last example, see Fig. 11, compares the results of the

C<-:?670 k
'SKIN 0 - 1 2 / 8 k
\

' rnof EC rS?Sk9'"»
^ Gr :M !<9/m

g/mm? . P 'Wkg. wo mm

"""' I
mj .' b'60mm ' , ' • , . . ^
" > ' . • ' • • ' . ' •

0.6

19.0S . ' ' '*

> 200mm

a) Geometry
jPrlOOkg.

= 3.000(3.0108)'

b) Deflections (top & bottom)

F f(kg.)=-Fb
c) Shear stresses at interface

250.552 (2S0.8)

d) Axial forces in skins

(kg/mm 2)

Peel ing stresses. Y_ Pf=0.36S(0.29)'

{kg.mm)

92.30

-15.692
0.100

{kg.mml nwp

e) Bending moments
so i

( k g )

(kgj

( k g . )

f) Shear forces in skins and core

Fig. 11 Results comparisons with NASTRAN (finite elements) using
a three-point bending beam (finite-element results in parentheses).

proposed method, for a sandwich beam loaded by a concen-
trated load at midspan, with finite-element analysis; see Ref.
13. The deflections in the upper skin are nearly identical,
about 0.5% difference, and at the lower skin, they differ by
about 2.5% at the most. The internal forces are identical far
from the loaded zone but differ in load vicinity. The differ-
ences are due to the singularity near the concentrated force
which is actually "smeared" by the finite-element code.

Conclusions
The general behavior of a sandwich beam with flexible core,

loaded by concentrated loads and distributed loads, is ana-
lyzed. The bending behavior is modeled by superposition of
two types of beam behavior. The first one, substructure I,
consists of a core with shear rigidity only. The second one,
substructure II, allows the core to be flexible in the vertical
direction. It enables the effects of localized loads to be in-
cluded in the analysis. The shear stresses and axial forces in
the skins are only due to the core rigidity of the first substruc-
ture. The transverse normal stresses, at the skin-core interface
layers, and the other internal forces in the skins are affected by
the behavior of the two substructures. The contributions to
the internal forces from each substructure depends on the
geometrical and mechanical properties as well as the ratio of
the length to the depth of the beam.

The effect of the elastic foundation, substructure II, on the
general behavior becomes significant as the ratio of length to
depth is reduced.

The proposed analysis can determine, by the use of simple
beam theory, the transverse normal stresses at the interface
layers between the skin and the core in the vicinity of concen-
trated loads. In some cases these stresses are significant, com-
pared with the allowable stresses of the core material, and may
cause a sudden failure of the structure.

In the case of beams loaded through tabs or by other local-
ized loads, the behavior in the loaded region is significantly
affected by the shape of the load distribution. In the unloaded
regions, the behavior is only affected by the resultants of the
localized loads. The internal forces and stresses involved are
significant in cases of very flexible or very stiff tabs.

The proposed analysis enhances the physical insight of the
beam behavior, especially under localized loads and gives
some explanations concerning the transverse and shear stresses
between the skin face and the core. The stresses involved
become significant under localized loads, and their magnitude
might be crucial to the safety of the structure. In such cases,
the use of the proposed analysis is more than recommended.

Appendix A: Boundary Conditions for Substructure I
The continuity and boundary conditions are described be-

low, and description of the edge conditions follows.

Edge Joints
1) Simply supported:

v = 0

V,xx = 0

(Ala)

(Alb)

(Ale)

2) Clamped:
a) Immovable at the skins (the two skins cannot slide

horizontally): us^n = 0

(A2a)

(A2b)

(A2c)
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b) Movable at the skins (one of the skins can slide hori-
zontally with respect to the other one): wskin ̂  0

Appendix B: Particular Solution for Various
Distributed Loads

.7-°.
3) Sliding fixity:

a) Immovable at the skins: wskin = 0 (the two skins
slide horizontally). Equations (A4) describe the condi
the symmetry axis

v,x = 0

v,xxx = 0

(A3a) Particular Solutions for Substructure I

(A3b) ^ tf I = = t foSinirx/0:

/ A / , . too/(^)s] [«(7r/a)2 + /3] . TTA: _, .(A3c) yp ̂ -^ — /5J —— - —— — sin — (Bla)

cannot / \ ^ ^^
ition at Tp~ ( ) o — 3 — 51 cos ~~ (Blb^

/ A A \ 2) cr1 = qn (x/a):(A4a)

/ A / I U \ ., ^° / /Rv^ ^fWv^ ^R^q^

(A4c)
0" «2 /mw\

b) Movable at the skins: wskin ̂  0 (one of the skins can 2a(EI)s(d + ft)
slide horizontally with respect to the other one). l „ . .

v,x = 0 (A5a) r f l 4 , 1
^° l ^ i sa^S i or*~.v3\ 1 snitA

TjXC!/2GCl - (c{ + d^v^/2 = 0

-2(EI)SlvtXXX + Tbi(ci + </i) - 0

4) Free:

vtXX = 0

T,xx = 0

Inner Joints (Between Segments i — 1 and i)
1) Continuous over a support:

vf = 0

i>/-i,* = vitX

T / _ i / G / _ i = T//G/

= (E/4)S|.[TiC//2Gc. - (c/ + di)vitXX/2]

ifTT\ i\ fJ7T\ •!»\jLLiJ )s. V; _ i YY —— \L-sJ- Js-Uj xx

2) Continuous over a flexible support (translation
*„):

CE/)5/ _^/- i,xx = (EI)StvitXX

(A5b) ^ (£/>^6 + « L 24 ' 120 ̂  ' 'J

<A5c> TP = -7i7T%T^ ( * ~ T- I (B3b>(EI)S(8 + 0) \ 2a/

(A6a) 1 [ ^4 ta(^/«)2 + ffl 1
(A6b) ^ (^)2L24(6 + /3)9' (7r/o)4[a(ir/a)2 + j3 + 5] ̂ J l ^

(A6C) l f X 5 * gl (B4b)

Particular Solutions for Substructure II
(A7a) l ) 0 n = 0osin^/fl:

(A7b) vp = y ————— ̂  ————— =- sin ̂  (B5)

(A7c) L ' *' ° ' c J

(A7d) 2) 9 =^x/fl:

^=2^/ (B6>

(A7e) 3)9
u = 9o(l-x/a):

(A7f)
J > ^1 V//A ^T?7\

spring, 2oa^c

4) q11 - q\~ q2 sin (7rx/a):
(A8a)

#1C ^2 . ?T^ ^«xvp - — -j= ——————————— =r sin — (B8)
(A8b) 2bhc

 (£/) , /fl)4 ! 2^ a

(A8c)
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